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The transverse vibrations of a thin, flexible cylinder under nominally constant
towing conditions are investigated. The cylinder is neutrally buoyant, of radius a,
with a free end and very small bending stiffness. As the cylinder is towed with
velocity U, the tangential drag causes the tension in the cylinder to increase from zero
at its free end to a maximum at the towing point. Transverse vibrations of the
cylinder are opposed by a normal viscous drag force. Both the normal and tangential
viscous forces can be described conveniently in terms of drag coefficients Cy and
Cy. The ratio C/Cy has a crucial effect on the motion of the cylinder. The form of
the transverse displacement is found to be greatly influenced by the existence of a
critical point at which the effect of tension in the cylinder is cancelled by a fluid
loading term. Matched asymptotic expansions are used to extend the solution across
this critical point to apply the downstream boundary condition. Displacements well
upstream of the critical point have a simple form, while nearer to the critical point
the solution depends on whether the normal drag coefficient 'y is greater or less than
one-half C.

The typical acoustic streamer geometry considered is found to be stable to
transverse displacements at all towing speeds. Forced perturbations of frequency w
are investigated. At low frequencies they propagate effectively along the cylinder
with speed U. At higher frequencies they are attenuated.

The effect of a rope drogue of length Iy, radius ag, is investigated. Provided
wlgag/Ua, is very small, the drogue has the same effect as a small increase in the
length of the cylinder. However at higher frequencies and for small values of the ratio
Cy/Cr attaching a drogue may be disadvantageous because it reduces the
attenuation of high-frequency disturbances as they propagate down the cylinder.

1. Introduction

Towed instrumentation packages in the form of long flexible cylinders are used
extensively to detect and analyse acoustic signals in the ocean. A typical geometry
is illustrated in figure 1. It consists of a heavier-than-water cable attached at one end
to a ship and at the other to a neutrally buoyant slender cylinder containing a sonar
array. This cylinder is sometimes referred to as an acoustic ‘streamer’ or ‘array’.
There may possibly be a rope at the downstream end of the cylinder acting as a
drogue. If such an arrangement is to give good resolution of the acoustic signals it
detects, the instantaneous shape of the acoustic streamer must be known. When the
ship maintains a constant velocity, the cylinder is straight and horizontal. However,
changes in the ship’s path will make it deform. In these two papers we analyse linear
departures from the ideal case due, for example, to changes in ship speed or heading.
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Fieure 1. Typical geometry for a ship towing an array.

The aim of this work is to provide a simple means by which the shape of the towed
system can be predicted either from the ship’s path or from an accelerometer at the
leading edge of the cylinder. Part 1 deals with the displacements of the neutrally
buoyant elements, while Part 2 investigates the propagation of disturbances along
the negatively buoyant cable. The results of Part 1 provide the downstream
boundary conditions for the cable in Part 2.

Computer programs have been developed to calculate the three-dimensional path
of a towed system as a ship manoeuvres (see for example Ivers & Mudie 1973, 1975;
Huston & Kamman 1981 ; Sanders 1982; Ablow & Schechter 1983). In general these
packages require considerable computing resources and, if they are to run in real
time, certain simplifying assumptions must be made. Since we are investigating
small departures from constant velocity, we adopt a different approach, and linearize
the transverse equations of motion. Paidoussis (1966, 1968) derived a linearized form
of the transverse momentum equation for neutrally buoyant flexible cylinders with
an axial flow. A term has been omitted from these early versions and Paidoussis
(1973) gives the correct form of the equation of motion. Disturbances of frequency
w satisfy a linear fourth-order differential equation. The coefficient of the fourth
derivative depends on the bending stiffness of the cylinder. Perturbations of
cylinders whose response depends on their bending stiffness have been extensively
studied in the literature (see for example Hawthorne 1961 ; Paidoussis 1966, 1968,
1973; Lee 1978; Prokhorovich, Prokhorovich & Smirnov 1982).

However, acoustic streamers are very long in comparison with their radius a,, and,
for motions with wavelengths comparable with the cylinder length, the restoring
force due to bending stiffness is exceedingly small. It is therefore appropriate to
recognize this and neglect the effect of the bending stiffness over most of the cylinder.
This approximation has been made by Ortloff & Ives (1969), Kennedy (1980),
Kennedy & Strahan (1981) and Lee & Kennedy (1985). The differential equation
then reduces to second order, the coefficient of the highest derivative being
T(x)— p,mai U?, where T'(x) is the tension in the cylinder and varies along its length.
U is the mean flow velocity and p, the density of the surrounding fluid; p,ma? U?
arises due to the effect of fluid loading.

In §2-4 we consider a thin, neutrally buoyant, flexible cylinder with its
downstream end unrestrained. 7'(x) then vanishes at this free end, and increases
along the cylinder due to tangential drag. It is well known that the transverse
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displacements of a tensioned string ¢n vacuo satisfy a hyperbolic differential
equation. When fluid loading is included, the equation remains hyperbolic over most
of its length, but is elliptic near the free end, having a regular singular point at x,,
a critical position at which T'(z,) = p, a3 U2 Ortloff & Ives and Kennedy & Strahan
base their work on Paidoussis’ early erroneous equation of motion, and find one of
the solutions of their linear, second-order equation to be unbounded at x,. They
therefore reject this solution and the downstream boundary condition and describe
the response of the cylinder in terms of the other (finite) solution. However, when the
correct form of Paidoussis’ equation is used, and for reasonable values of the drag
coefficients, both solutions are finite at the critical position, although one solution
has a branch point there. Hence, before the downstream boundary condition can be
applied, further investigation is needed to see how this solution behaves as x crosses
x.. In the region of x, the response is controlled by the bending stiffness of the
cylinder. We therefore use the fourth-order equation in the region of z,, and the
method of matched asymptotic expansions to join these ‘inner’ bending solutions to
the ‘outer’ tension-dominated response. In this way, the general solution for the
vibration of a fluid-loaded cylinder, in the limit of small bending stiffness, can be
found. Application of the free-end boundary condition then leads to an analytical
expression for transverse displacements of the towed cylinder at frequency w. The
displacements are found to have a simple form well upstream of z.. Nearer to z, the
expression is more complicated and depends on whether the normal drag coefficient
Cy is greater or less than half the tangential drag coefficient (.

In §3 we investigate the stability of a neutrally buoyant towed cylinder by seeing
whether there are any free modes that grow in time. A practical streamer geometry
is found to be stable at all towing speeds.

Since the towed cylinder is stable, it is appropriate to determine its response to
forcing at its upstream end. At low frequencies for which wl,/U is small the
disturbances propagate along the cylinder, virtually unchanged in amplitude and
with a phase speed U, while for higher frequencies the disturbances decay in
amplitude along the streamer. The first form of motion is often described as ‘worm-
in-a-hole’ because all points of the cylinder take the same track. This motion is
compatible with observations of low-frequency oscillations of towed arrays.

So far we have assumed the end of the cylinder to be free. However in many
practical situations it is attached to a rope drogue. In §5 we investigate the effect of
a rope drogue. We use the work in the earlier sections to describe the transverse
motions of the rope which has a free end, and apply continuity of displacement and
force at the junction of the drogue and cylinder. If wlg ay/Ua, is very small, the main
effect of the drogue is found to be the same as an increase in length of the cylinder
by an amount Iy ap/a,, where ag and I are the radius and length of the rope drogue
respectively. At higher frequencies a drogue can have an adverse effect if the ratio
Cyx/Cy is small. Then attaching a drogue reduces the attenuation of high-frequency
transverse disturbances as they propagate down the cylinder.

2. The transverse motion of a neutrally buoyant flexible cylinder

Consider an acoustic streamer consisting of a long flexible cylinder of length /,,
radius a,, towed in the negative x-direction at a constant speed U. If the cylinder is
neutrally buoyant its mean position is horizontal. We will investigate linear
departures from this arrangement and choose a frame of reference in which the
distant fluid has a velocity (U,0,0), with the origin at the mean position of the
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Figurke 2. Linear perturbations of the towed cylinder, viewed in a frame of reference in which
the distant fluid has velocity (U, 0,0).

~(Fy+Fy)ox
Fpox

T(x+dx)

T(x)

Ficure 3. Forces acting on a small length, dx, of the neutrally buoyant cylinder.

upstream end of the cylinder as shown in figure 2. It follows from the neutral
buoyancy of the cylinder, and the linearity of the disturbances, that perturbations
in the (y =0)- and (z = 0)-planes satisfy identical uncoupled equations. It is
therefore sufficient just to investigate the motion in one plane, (z = 0) say.

The equation of motion of the cylinder may be derived by considering the balance
of forces on a small length as shown in figure 3. Let T'(x) be the variable tension in
the cylinder, Fy and F; the viscous forces acting on the cylinder per unit length in
the local normal and tangential directions respectively, and F, the inviscid force due
to the acceleration of the virtual mass of the cylinder. Resolving in the a-direction
gives, to zeroth order in the perturbations,

o
Fr+—=0. 2.1
The transverse momentum balance gives, to first order in the disturbances,
%y 0 (, Oy oy Oy
= \TZ|—-F —Fy+F,=—B—= 2.2
"o T (T ax) AT Tox T 0at (2.2)

where m is the mass of the cylinder per unit length and B is its bending stiffness. This
is Paidoussis’ equation. The term F7, 0y /0x was omitted in Paidoussis’ early work (see
for example Paidoussis 1966, 1968). This error was later corrected (Paidoussis 1973
and Paidoussis & Yu 1976) but unfortunately the earlier erroneous form has been
adopted in much of the towed-array literature (Ortloff & Ives 1969 ; Kennedy 1980;
Kennedy & Strahan 1981). As Paidoussis (1973) points out, omitting the term
F,0y/0x is equivalent to taking the tangential viscous force to act in the z-direction
rather than in the instantaneous tangential direction.

F, is the force required to accelerate the neighbouring fluid as the cylinder
deforms. Provided the flow does not separate, the expression derived by Lighthill
(1960) may be used:

0 0\2
Fy = pymag (§+ Ugy;) v, (2.3)

where p, is the fluid density.



Dynamics of towed flexible cylinders. Part 1 511

The viscous forces acting on a long, thin flexible cylinder are discussed by Taylor
(1952). He proposes the form

Fy =10, V?*{2a, Cp sin®i+2na, Cy sini}, (2.4a)
Fp=p,V?*ra,Cycost, (2.4b)

where V is the magnitude of the relative velocity between the cylinder and the
distant flow, and 7 is the angle between this relative velocity and the local tangent.
For linear perturbations of a neutrally buoyant element, V is equal to U and ¢ is

small, Low 8
oo . 1dy oy o~
s1n@~z~Uat+ax, cost =& 1.

These expressions therefore reduce to

dy .0
Fy = pyna, UCy (a—?t/+ U%) (2.5a)

F, = pyma, U*Cy. (2.5b)

With this form for the tangential drag the longitudinal momentum equation (2.1)
may be integrated immediately to give

T(x) =T(s)+pona, U Ol —2), (2.6)

T(l,) is the tension at the downstream end of the array, and vanishes if the end is
free. Then T'(0), the tension at the upstream end, is directly proportional to the drag
coefficient Cp. Hence €', may be inferred from measurements of 7'(0). Data from
large-scale experiments suggest C, = 0.0025 (Andrew private communication 1984).
Ni & Hansen (1978) obtained similar values of C, for a range of Reynolds numbers
in their rig experiments. There is less evidence about the appropriate value of
Cy. Taylor discusses in some detail how the value of Cy would vary in the range
0 € Oy € Oy depending on the type of roughness on the cylinder. We will therefore
investigate the effect of varying €'y within this range.

When the expressions for F, and Fy in (2.3) and (2.5) are substituted into the
transverse momentum equation (2.2) they lead to

0% 0% %y 0%y
p0na2Aa_t2 = (T(x)—ponai Uz)@_ponai(a_z—+2(]axat
0 0 ot
—ponaAU0N<a—?t/+U6%)—B—ax?ﬁ. (2.7)

The coefficient of the second derivative of ¥ vanishes at a position x,, where T'(x,) is
equal to the fluid-loading term p,ma% U?. Using (2.6) to rewrite 7'(x) shows that

T(x) — po Tl U? = pya, U Culz,—2), (2.8)

UN. Qs
h = VAl A .
where X, =, + ) TR (2.9)

x, lies on the cylinder if

i.e. if (2.10)
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Since we are considering linear disturbances we may investigate each Fourier
component separately. For modes with time dependence ¢!, equation (2.7) reduces
to

_ B %y
pona, UC, 0x*

(x _x)a2y+<2iwaA+CN)a_y i£<2ia)aA Cx

T\ U0, T0,)e T U\ TG, +Z§)y=0‘ (2.11)

This may be cast into non-dimensional form by scaling lengths on L (typically
of order I,). When a new variable X = /L is introduced, and with y(x,¢) =
Re (Y(X)el“*), the transverse momentum equation becomes

d'y d?Yy . dY .
¢ = (B/LPp,ma, UC ), is a small parameter because bending forces in the cylinder
are very much less than the tension forces.

_ 2iQa, Cy

b= ot

(2.13)

2 is the non-dimensional frequency, wL/U, and X, is the non-dimensional critical
position, z,/L.

Away from regions with intense gradients the contribution from the fourth-order
derivative in (2.12) is negligible because € is small, and the equation reduces to

d?Y ,dY .

a second-order ordinary differential equation with a regular singular point at
X = X_. This only differs from the equation investigated by Ortloff & Ives (1969)
and Kennedy & Strahan (1981) (derived from Paidoussis’ erroneous version) in that in
their equation the coefficient of the first derivative is, in this notation, —1—b rather
than —b. We will see later that this apparently small difference has considerable
consequences.

The occurrence of a singularity at X, is not an artefact of the linearization. Ablow
& Schechter (1983) investigate finite-difference solutions of general eylinder motion.
They find that the matrix to be inverted is singular at the end of the cylinder where
the tension vanishes. Since they have omitted a virtual mass term, which is the
generalization of our linearized expression p,mai U?0%/0x? to arbitrary motion,
their singularity is entirely equivalent to our singularity at X . Ablow & Schechter
get around this difficulty in an ad hoc way by applying the downstream boundary
condition at a point P, a short distance from the free end, and assuming the cylinder
to be straight between P and the free end. However for the linear disturbances
considered here the effeet of the singularity on the form of the solution can be
investigated analytically.

Two solutions of (2.14) may be obtained by the standard method (Ince 1956) of
trying a series solution of the form

Y(X) = (Xe=X)" 3 ap(Xo—X)".
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The indicial equation shows o to be equal either to O or to 1 —b. The general solution
of (2.14) is then found to be

S (926X, —X)" e 3 (QbX X))
Y(X)_P,EO nl(n+b—1)! TOX —X)' b,EO winti—p (19

P and @ are arbitrary constants. Y(X) is a linear combination of two independent
series solutions. The first solution is analytic while the second has a branch point at
X.. Both series converge for all X. Equation (2.13) shows that
1—b=1_Ox_ 202,
Cy LC;
and so for 0 < Oy < Cy both solutions are finite at the critical position X,.

In a typical problem, boundary conditions for the transverse motion are given at
the two ends of the cylinder X =0 and X =1, /L. If the inequalities expressed in
(2.10) are satisfied these two points are on either side of the critical position X . Let
us now for definiteness consider a cylinder with a free downstream end at which
T(l,) vanishes. Then the first inequality in (2.10) is automatically satisfied. Practical
acoustic streamers are sufficiently long to ensure that Cl, > a,, hence also meeting
the second inequality. The critical point X, therefore lies somewhere between the two
ends where the boundary conditions are specified. Before these boundary conditions
can be applied, we need to determine how the solution expressed in (2.15) varies as
X passes through X .. There is no difficulty with the first series solution because it is
continuous at X, but the second has a branch point there and the relevant cut must
be found. Since the second series solution has large gradients in the vicinity of X,
bending forces become important and the full fourth-order equation (2.12) is needed
to determine the form of the deflections. The method of matched asymptotic
expansions may be used to match these ‘inner’ bending solutions to the ‘outer’
tension-dominated disturbances described in (2.15).

It is worth noting that Ortloff & Ives (1969) and Kennedy & Strahan (1981) did
not have these difficulties. The second independent solution to their equation is
infinite at the critical point. They therefore reject it and the downstream boundary
condition, and use the other bounded solution to describe motion in X < X .. But we
have seen that when the correct form of Paidoussis’ equation is used, both
independent solutions are finite at X for reasonable values of the normal drag
coefficient. The behaviour of the solutions as X varies across X, must therefore be
investigated in detail so that the downstream boundary condition may be applied.

The solutions of (2.12) are to be determined for small values of ¢ and 0 < Re (b).
Let us shift the origin by introducing a new variable r = X, —X. Then with
Y(X) = ¢(r,€), ¢ satisfies '

4 2
eai—rf—ri—ﬁ—b%+i9b¢=0. (2.16)
For small ¢, it is appropriate to seek a series solution in powers of the small parameter
€3 which appears in (2.16);

B(r,€) = po(r) +e3P,(r) + ...
The equation for ¢,(r) is

d’¢,  , dg,
ark T

r

iQbp, = 0. (2.17)
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The general solution of this second-order equation has been given in (2.15) and is

2 (iQbr)" . (iQbr)" ‘
b =P X it 0 2: AT 1—h)T (2.18)

Gradients of ¢¢(r) become large near r = 0. Away from this region @,(r) describes
deflections of the towed cylinder in which the response is determined by its mass,
tension and fluid loading.

In the region of r = 0, the surface response is controlled by bending stiffness, and
@{r, €) varies rapidly. For this region then let us stretch the spatial coordinate and
introduce R = r/e¢ with ¢(r,e) = @(R,¢). An inner expansion for the displacements
can be obtained by expanding @ in ascending powers of ¢

D(R,e) = P(R)+eD,(R)Y+
D, satisfies
d‘@, d?¢,  do,

T Bt ap = O (2.19)

The four independent solutions of this linear fourth-order equation are determined
in integral form in the Appendix where, in particular, their asymptotic forms for
large |R| are evaluated. It is found that for large positive R

D (R) = An: Rt exp [2RE ]| — (B es™ 4 (e 75%) RI0(h —2) 1+ D), (2.20)

A, B, C and D are arbitrary constants multiplying the four independent solutions
and are to be determined by matching to the outer solution. When this inner solution
is rewritten in terms of the outer variable r it becomes

r

1p_s 2 1-b
D, (r/e) = Am? (E) exp l:g T] (Bei™ 4 ( emiim0) (Z) b—2)!+D. (2.21)
€

Matching this to the outer solution in (2.18) gives
A=0, Q=—(Be™®4Ce#®)(1—b)1(b—2)1e"t, P=Db-1)! (2.22)
Hence for r » ¢ we have

® (iL2br)" (iQ26r)"
=P ¥ —- Pty —— 2.23
Po(r) n=0n!(n+b_1)!+(Q2+Qa) nzon‘(n'{‘l B! ( )
with @, = — Bedi™ (1—b)! (b—2)1e*  and Q, = —Ce ¥ (1—b)! (b—2)!1 L.
When /¢ is large and negative with 1 > |7| » ¢, the asymptotic form for @ (R)
evaluated in the Appendix (see equation (A 26)) shows that

@ (1Q2br)™ (—r)t=?

P XE Y b= (1—py (G )

WP ® 0 o) (o
+m(@2 6+Q eﬁ) (2.24)

for —e>» r>» —1, with 6 = T (2b—23)+2(—r/e)t.

The first term on the right-hand side of (2.24) is just the series solution, describing
the balance between tension and inertial forces, that is valid everywhere. The second
and third terms describe motions downstream of the critical position with large
gradients whose form is influenced by the bending stiffness of the cylinder.
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Returning to the spatial variable X

® (26X, — X))
V&) =P & o))

Qo4 @) (X — Xyt 3 WX X))

- 2.2
2 T+ 1=b) for X,— X » e, (2.25a)

and
o 2 X X)) XX )7 inb
YO~ P L vty (b @ T8
1 (X-X i -6 10 -
gy (@ @) forl> X-Xo>e (2250)
with 0= n3b—3) +3(X —X.)/e).

To summarize then, perturbations of the cylinder upstream of the critical point are
described by two linearly independent series solutions. The displacement typically
varies over a non-dimensional lengthscale of order unity and the bending stiffness of
the cylinder, characterized by the small non-dimensional parameter ¢, is unimportant
in this range. The first series solution is always slowly varying and so is valid for all
X. The second has a branch cut at the critical position, X, and large gradients near
it. This second solution is extended across X = X in the Appendix by using the full
equation of eylinder motion including bending stiffness and is displayed in (2.25b).
Not only is the appropriate branch cut determined by equation (2.2556), but it also
shows the solution downstream of X, to contain wavelike disturbances with
wavelengths of the order of ¢. Bending stiffness therefore has an important influence
on the cylinder motion throughout this region. If either ¢), or ¢, is non-zero, the
displacements of the cylinder vary over a long lengthscale well upstream of X, but
have very small wavelengths throughout the tail region downstream of X .. The
coefficients P, ¢, and @, may be determined from the boundary conditions at the two
ends of the array, X =0 and X =L, =1, /L.

The two boundary conditions appropriate for a free end of a flexible cylinder have
been derived by Hawthorne (1961). One condition is that there be no bending
moment; P27

EX—2=O at X =1L,. (2.26)
The second condition arises from the transverse momentum balance for the tapered
portion of the cylinder at its end. If this portion is very short its momentum is
negligible, and the forces acting on it must cancel. The only significant forces on a
short end at which the tension vanishes are due to bending resistance and the virtual
mass of the fluid near the end. This has been evaluated by Hawthorne (1961) and
Paidoussis (1966) and takes the form

Oy 2 ;7 (Y %
=3 —+U=1=0. 2.27
Bax3+fp°naAU(at+Uéx 0 ( )
where f is a non-dimensional parameter less than unity introduced to account for
departures of the flow from two-dimensionality. In view of the uncertainty in the
value of f, it is reassuring that our results will be found not to depend on the details
of this boundary condition. For motions with time dependence e'“* (2.27) becomes

d*Y  fa, (dY .
3 A —
¢ axe LOT(dXJ“QY) 0- (2.28)
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We now substitute for ¥(X) from equation (2.25b) into the two boundary conditions
(2.26) and (2.28). In the limit of small bending stiffness, this gives

SE° Cinb_ ioginn 201 —f) mt B+ gt _ pfPPE"er
Q2[(—b)1(e i T TR Y e YR G
and Qs = —Q, 75, (2.30)
E is the distance between the critical point and the free end. It is apparent from (2.9)
that E=1L,—X,=a,/l0,. (2.31)

In deriving (2.29) the product 2% has been assumed to be small in comparison with
unity. Acoustic streamers are sufficiently long in comparison with their radius for
this to be a good approximation at the low frequencies of interest here. 6 is defined

by 05 = n(B—3) +¥E/o) (2.32)

The solution of (2.29) and (2.30) has quite a different form according to whether
Re(b) is greater or less than one-half. For Re(b) greater than a half these two
boundary conditions reduce to the very simple statement that

3

Q, ~ @, ~ Pei i, (2.33)

In the limit of small bending stiffness, ¢ tends to zero and ¢, and ¢, are negligible in
comparison with P. Then the motion upstream of the critical position is given by
® (12bX,—-X)"
X)= —

Y=~ ,EO n!(n+b—1)!
When Re (b) is less than one-half, (2.29) and (2.30) become

b(—b)! QR

fore< X,— X, Re(b)>13. (2.34)

Qe = —Q,e% =P (b+ 1)1 ifsimb__ o-10g+ins’ (2.35)
and the cylinder displacement is described by
_ o (126X, —X))" sinfp  b(—=b)! Sornip 1-b
Y(X) = P[EO nl(n+b—1)! ' sin(6,—mb) (b+1)!Q BT X —X)
2 (26X, —X)"
/e =/ 2.
xn=0 nln+1-0b)! | (2.36)

fore € X,~X and Re(b) < 1.

We have determined a general expression for the propagation of deflections of
frequency o along a towed cylinder with a free end in the limit of small bending
stiffness. The method of solution involves extending the upstream expression for
transverse displacements across a critical point, at which the restoring force due to
tension is cancelled by a fluid-loading effect, so that the downstream boundary
condition may be applied. The general solution upstream of the critical point is given
in (2.34) and (2.36), and is seen to have a different form according to whether Re (b)
is greater or less than one-half. These can be combined into a statement that

_pl 5 (26X ~X)" _Re() 00 __
reo _P[Eo ln+b—1)r THOD Re(b))sin(ﬁE—Enb)
b(—b)! 5, (186X, —X))"

Q2E1+b (XC_X)I—D Z

noo Pl(n+1—0b)! ]’ (2:37)

“Br)!



Dynamics of towed flexible cylinders. Part 1 517

for e € X.— X and QF small. An inspection of this expression shows that, when
lengths are non-dimensionalized on the cylinder length [,, the displacement at
position X = z/l, depends on the non-dimensional frequency £ = wl, /U, the ratio
Cx/Cy and the value of the parameter a, /I, C;. In a particular example the constant
P will be determined by the upstream boundary.
Well upstream of the critical position this form for Y (X) simplifies to
2 (i92b(X,—X)"

Y(X) ‘PEO nl(n+b—1)!" (2.38)
For Re (b) greater than a half, this solution is valid throughout the region X, —X > e.
But when Re (b) is less than one-half, it only holds in X, — X » E. Then, once X, — X
is comparable in magnitude to £, the distance from the critical point to the free end,
the second series in (2.37) is important and leads to large gradients of the
displacement Y(X). For real frequencies, Re (b) is equal to C/Cr. Hence, whenever
the normal drag coefficient is less than half the tangential drag coefficient, the
displacement of the cylinder has large gradients upstream of the critical position. It
is interesting to note that (2.38) describes the motion that would be obtained by
applying a boundary condition i2Y +dY/dX =0 at the critical point, ie. a
condition that the ecylinder has no normal velocity there. The displacement
downstream of the eritical position X, has a more complicated form, and the full
expression defined by (2.2556) and the boundary conditions (2.29) and (2.30) must be
used. The slope of the cylinder is large, but there is little practical interest in the
solution in this region.

Ortloff & Ives (1969) expressed their solution to a similar equation in terms of
Bessel functions of complex argument and order. Y (X) can be rewritten in a similar
form. The series expansion for J,_; shows that
o (iQb(X —X))"

,EO n!l(n+b—1)!

= (X = XH Iy (X — X)h). (2.39)
where o = (—4iQb):, the sign of the square root being chosen so that Re(a) is
positive. Hence, (2.38) is equivalent to

Y(X) = Pa(X,— X)), (X, —X)}), (2.40)

for 0.5 < Re(b)and X —X > e or for 0 < Re(b) < 0.5 and X, —X » K. This form for
Y (X)) will be found to be convenient when investigating high-frequency disturbances.

3. The stability of a towed flexible cylinder

The general solution for the deflections of a towed cylinder derived in §2 may be
used to investigate its stability by seeing whether free modes for a fixed upstream end
grow or decay in time.

It follows from (2.38) that a condition of no transverse displacement at X = 0 is
equivalent to (2B,

[+ i n
— = 3.1
oo Rl(m+b—1)! (3-1)
The complex non-dimensional eigenfrequencies £ may be determined from this

equation. If one of the roots has negative imaginary 2, a free mode grows in time and
the system is unstable. If, however, all the roots of (3.1) have positive imaginary £
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the system is stable. It is interesting to note that (3.1) shows that the non-
dimensional eigenfrequencies £2 are determined only by the values of the parameters
Cyx/Cyp and a, /1, Cp and are independent of the free-stream velocity U. It therefore
implies that if the towed cylinder is unstable at any flow speed, it is unstable for all

speeds!
We introduce a function f(£2) defined by
o (iR26X )"
f2) = b—1)1 3§ 2 (3.2)

mo ! (n+b—1)1

Jf(82) is analytic in the lower half 2-plane and its number of zeros, N, within a closed
contour I in this region is given by Cauchy’s theorem as

_ 1 {f
N=ge fﬁr ) ae. (3.3)

The derivative f'(£2) may be evaluated by differentiating (3.2) term by term. The
integral (3.3) was evaluated for Cy/Cy=0.25 and 0.75, a,/l,Cr = 0.033 and a
contour I’ consisting of the real £2-axis from £ = 30 to — 30 closed by a semicircle in
the lower half Q-plane. In both cases N was found to be zero, showing that f(£2) has
no zeros in Im(2) < 0 with |2|£ < 1. Hence we conclude that for this typiecal
acoustic streamer geometry the towed cylinder is stable for all towing speeds.

4. The forced vibration of a towed flexible cylinder

Let us now determine how disturbances produced by vibration of the upstream
end of a towed neutrally buoyant cylinder propagate along it. Without loss of
generality we will take the amplitude of the transverse vibrations of the upstream

end to be unity, and write
%(0,t) = coswt, 4.1)

Since y(z,t) = Re(Y(X)e!“*) the boundary condition for Y (X) is
Y(0) =1. (4.2)

The coefficient P in the solution (2.38) can be determined from the boundary
condition (4.2) to give a form for the displacements of the cylinder:

Y(X) =

5 (iRb6(X,—X)" / s (102bX,)" (4.3)

neo Blm+b—1)1] —om!(m+b—1)1"

For real frequencies, Re(b) is equal to Cy/Cy. Equation (4.3) therefore describes
transverse displacements and gradients of the cylinder throughout the region
X,—X » ¢ whenever the normal drag coefficient is greater than half the tangential
drag coefficient, but it only holds in X, —X » E when O < 1C,.

The series in (4.3) can be readily evaluated and Y(X) is plotted in figure 4 for
a,/lyCp = 0.033 and three values of €. According to Taylor the ratio O'y/C, lies
between 0 and 1, but we do not know its precise value. Results are therefore
presented for two different values of C'y/Cy: in figure 4 (a) Cy/C, = 0.25, while for
figure 4(b) Cx/Cyp = 0.75. Lengths have been non-dimensionalized on the cylinder
length [,. Before discussing the graphs it is appropriate to investigate the low- and
high-frequency limits analytically where simple forms for Y (X) can be derived.
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For Q sufficiently small, it is enough just to retain the first two terms in the series
expansions in (4.3). Then

Y(X)~1—iQX (for Q small), (4.4)

i.e. disturbances propagate along the array unchanged in amplitude and with a non-
dimensional phase speed of 1. In dimensional terms this means that the phase speed
of the disturbance is equal to the flow velocity U; the so-called ‘worm-in-a-hole’
motion. When viewed from a reference frame in which the distant flow field is at rest
and the array has a mean speed U, the convection and phase speeds are equal and
so each element of the array passes through the same physical points. This type of
motion has been observed as low-frequency disturbances propagate along a towed
array.

The low-frequency asymptotic form described in (4.4) is plotted on figure 4 for
comparison with the exact form given in (4.3). There is excellent agreement in the
range £2 < 1 (in fact the plots for magnitude overlie).

A simple expression for Y(X) can be derived for high frequencies from the
alternative form in (2.40). After applying the boundary condition Y(0)=1 to
determine the constant P, equation (2.40) shows that (4.3) is equivalent to

X, —X)%—%b Jpoy (@(X,— X))

C
For large ]a)(XC—X)% and moderate |b|, i.e. for  in the range 1 < Q(X,—X),

2 <1,Cr/a,, the large-argument asymptotic form of the Bessel function shows
that

X, — X\ cos (a(X,— X)i—1bn +1n)
Y(X) ~ [ = e 2 Ry 4.6
) ( X, ) cos (X3 —3bm + 1) 46)
If Im (a)(X,— X)? is large, this expression simplifies still further to give
X, —X\? i s
Y(X) ~ ( CX ) exp | Fia{X:— (X, —X)2}], 4.7)

where the plus sign is appropriate for positive Im (a), and the minus sign when Im («)
is negative. Equation (4.7) shows that the amplitude of a high-frequency disturbance
decreases rapidly as X increases. The high-frequency asymptotic form described in
(4.6) is plotted in figure 4 for £ = 10, and agrees well with the corresponding exact
solution given in (4.3). A comparison of figures 4 (a) and 4 (b) and the asymptotic form
in (4.7) shows that an increase in the normal drag coeflicient causes high-frequency
disturbances to decrease more rapidly along the array.

We have seen that the form of the forced vibration of a towed eylinder depends on
the value of the non-dimensional frequency. At low frequencies disturbances
propagate along the cylinder virtually unchanged in amplitude and with a phase
speed equal to the towing speed U ; the so-called ‘worm-in-a-hole’ motion. At higher
frequencies the amplitude of the motion decreases as the disturbances travel
downstream along the cylinder.
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FIGURE 4(a). For caption see facing page.

5. The effect of a rope drogue

So far the downstream end of the towed cylinder has been considered to be
unrestrained, but often there is a rope attached to it acting as a drogue. This
arrangement is illustrated in figure 1. In this section the effect of the drogue on the
motion of the cylinder is investigated. Let us consider a neutrally buoyant rope
drogue with radius ay and length I. We will continue to non-dimensionalize lengths
on the length I, of the cylinder, L =1,. Since the rope has a free end, the theory
developed in §2 may be used to analyse its motion provided a,,l, are replaced by
ag, lg-
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F1cuRE 4. Plots of the variation in the magnitude and phase of the transverse displacement with
position X along the cylinder for (a) C/C, = 0.25, (b) Cy/C,=0.75; a,/l, C, = 0.033 and three
values of Q. ——, low-frequency asymptotic form (equation (4.4));----- , high-frequency asymptotic
form (equation (4.6)).

The tension at the leading edge of the rope, 7y, is given by (2.6); \
Ty = pyTag UCply. S(5.1)

This is simply a statement that the tension at the leading edge balances the mean
drag on the whole rope. In §2 the form of the solution is significantly affected by the
existence of a ‘critical point’, at which the restoring force due to tension is cancelled
by fluid loading. There is a critical point along the rope if

Ty > pymad U2, (5.2)
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i.e. if Oyl > ag. In practice the rope has such a small radius in comparison with its
length that this constraint is met. Then the critical point is at a non-dimensional
distance Xy downstream of the leading edge of the rope, where from (2.9)

I, Xog =lg—ar/Cr. (5.3)

Using the full fourth-order differential equation, including bending stiffness, in the
region of X, and applying the boundary condition at the free end will give the
general form for transverse displacements of the rope. These are described by (2.37)
with a,, [, replaced by ag,l; and with L = [,. In particular the displacement Yy and
its gradient dYi/dX at the leading edge of the rope are given by

E o (i82bg Xor)" sin fgxp
= —— 5— bp) R—i———
Ye= B X o, — 1)1 T HO8—Rebr) R om0
br(=br)! e by yi—ty w1520k Xog)™
P bt 1)1 Q*EY RXCRR,EOn!(n+1—bR)V (65.4)
and
dYg . ® (12bg Xcg)" sin g
= =— 2 —H(0.5—-R R—=—
dX i, ,E‘O n!(n+bg)! HO-5=Re (by)) sin (O gg — mhy)
br(—bg)! SR (10 G L
R 5 (T 6
R : n—o 7 :
In this expression
By =ag/l,Cr, (5.6)
Onr = T(ibg—1) +3(Ex/6), (5.7)
Cy  2iQ2a
by = -~ R .
R CT+ZACT, (5.8)

and Xy is defined in (5.3). For practical drogues Xy is large in comparison with
Eg, which is just saying that the critical point on the rope drogue is much closer to
its downstream end than to its upstream end. Then the contributions to Yy and
dY,/dX from the second series in (5.4) and (5.5) are negligible in comparison with
that from the first. The constant R is to be determined from boundary conditions at
the upstrcam end of the rope where it joins the cylinder containing the sonar
array.

The displacements of the cylinder and rope drogue must be equal at their junction.
Also if the join is so short that it has negligible momentum, the forces acting on it
must balance. Since the viscous forces acting on a short length are negligible, the
balance of the mean longitudinal force reduces to a statement that the tension at the
downstream end of the cylinder equals that at the leading edge of the rope. Hence
it follows from (5.1) that

T(l,) = Tq = ponay UCyply. (5.9)

Substituting this value of 7'(l, ) into (2.6) gives the tension at a distance x along the
cylinder;
T(x) = pynU*Cp(aglzg+a,l,—a, x). (56.10)

An effective drogue is sufficiently long to ensure that

lragrCp > ai, (5.11)
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so that there is no critical point along the cylinder. Both independent solutions for
the transverse motion described in (2.15) and all their derivatives are therefore finite
all along the cylinder. When a drogue is long enough to meet the constraint (5.11),
the tension it produces in the cylinder is sufficient to eliminate the strong gradients
in position that can occur near the free end of an unconstrained cylinder. From
(2.15)

o (126, (X oy —X))" by o ([(£26,(Xcp—X))"
_ X X)i-b CA .
YO =P X = ars, 1 T 0T 2 e iy 612
for 0 £ X < 1. It follows from (2.13) that
Cy | 21Qa
po— YN ANCay
4 C’T+ 1,Cr~
and substitution for 7'({,) from (5.9) into (2.9) shows that
Xy = t42IR__aa (5.13)

aply CTlA.

The inequality (5.11) ensures that X, is greater than unity. The constants P and
@ are to be determined from boundary conditions at the two ends of the cylinder
X =0and 1.
Displacements are continuous at the junction of the towed cylinder and the rope
i.e.
Y(1) = Yy, (5.14)

where Y (1) and Yy are given by (5.12) and (5.4) respectively.

The second boundary condition at X = 1 is that there be no net transverse force
acting on the junction of the cylinder and the rope. The only significant forces acting
on this joint are those due to the tension in the cylinder and the rope and the virtual
mass of the fluid. This virtual-mass term was discussed in the derivation of the free-
end boundary condition (2.27). The effects of bending stiffness of the cylinder
and any viscous drag on the junction are negligible. The boundary condition is
therefore

0 0 0 0 0 0
1000 Lt gy £, (L4 UL 1y Lo U (U] -0,
(5.15)

where y, denotes the displacement at the trailing edge of the towed cylinder and
yr at the leading edge of the rope. The constants f, and fg are introduced to account
for the three-dimensionality of the flow around the end of the cylinder and rope
respectively. The boundary condition (5.15) is similar to that used at the junction of
a rope and a cylinder by Hawthorne (1961} and Paidoussis (1968, equation (8)), but
they consider a cylinder with considerable bending stiffness and neglect a term due
to the tension in the cylinder in their boundary condition. When (5.15) is expressed
in terms of non-dimensional variables, for a disturbance with time dependence e,
it reduces to

2
Y ——2d oy )+ v (1)) = Yi—22IR 0 Y, + 7). (5.16)
agly Oy IgCrp

The dash denotes a derivative and Y ’(1) can be obtained by differentiating (5.12)
term by term. Y is defined in (5.5).
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In §3 we found a towed cylinder with a free end to be stable to small transverse
displacements. The effect of a rope drogue on the stability can now be investigated.
The eigenfrequencies are values of £2 for which Y(0) = 0, where Y (0) is given in (5.12)
and P and @ are determined by the boundary conditions (5.14) and (5.16). If there
is an eigenfrequency with negative imaginary part, the eigenmode will grow in time
and the cylinder and drogue will be unstable. The stability of a cylinder with a
drogue has been investigated numerically for a, /i, Cy = 0.033, I3 /l, = 0.15, a5/, =
24 %1075 O = 2.5x1072 with f, = fg = 1 and two values of Cy; Cy = 0.25C and
Cx = 0.75C . The contours Re Y(0) = 0 and Im Y (0) = 0 were plotted in the lower
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FicUurk 5. Plots of the variation in the magnitude and phase of the transverse displacement with
position X along the cylinder for (a) €\ /C, = 0.25, (b) C/C1 =0.75;0,/1,Cr = 0.033, 1, /1, = 0.15.
ag/l, = 2.4 %1075, C, = 2.5 x 1073 with f, = f, = 1 and different values of 2. ——— Magnitude and
phase of displacements along a longer cylinder of length I, +1, a,/a,.

half Q-plane. They were found not to intersect, thereby demonstrating that there are
no eigenfrequencies with negative imaginary part. Hence a towed cylinder is not
destabilized by the addition of a drogue.

Since the acoustic streamer is stable to towing, it is appropriate to investigate the
effect of a drogue on its forced response at frequency w. Taking the amplitude at the
upstream edge of the towed cylinder to be unity gives y(0, {) = coswf or equivalently

Y(0) = 1. (5.17)
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The coefficients P, @ and R can be determined from the three boundary conditions
(5.14), (5.16) and (5.17). Once P and @ are known the propagation of disturbances
along the cylinder is described by (5.12). This solution is plotted in figure 5 for
different frequencies and a cylinder/drogue geometry characterized by a,/l, C; =
0.033, Iz/l, = 0.15, agp/l, =24x107%, C; =2.5x10"? with f, = fg =1 and two
values of C; Oy = 0.25C; and C = 0.75C,.

When (X, — 1) is small the effect of the drogue can be investigated analytically.
This condition ensures that only the first terms in the series expansions in (5.12) for
Y (1) need be retained. Its derivative can be simplified in a similar way. When this
approximation is made the boundary conditions (5.14) and (5.16) reduce to a
statement that @ is of order PQ(X, —1)°4. Whenever (2(X, —1))%4 is sufficiently
small, the contribution to Y(X) from the second series in (5.12) is negligible in
comparison with that from the first i.e.

(i (X o, — X))
Y(X)~ P,EO nl(n+by,—1)! "’

(5.18)

for (2(X ¢, —1))?4 < 1. P can then be determined from the boundary condition (5.17)
at the upstream end of the cylinder to give

(1026, (X s ‘X))"/ T (18206, X0

nl(n+b,—1)! | Zym!(m+b,—1)! (5-19)

YX)= X
n=0

for (2(X ¢, —1))?2 < 1. Equation (5.19) is identical in form to (2.38) which describes
the motion of a cylinder with a free end. The only difference between these two
equations is that X, =1—a,/l, C; in (2.38) has been increased to X., in (5.19).
From (5.13)
agley _ ay
aply Cply’

or in dimensional terms, the critical point is at I, +Ilgag/a,—a,/Cy for a towed
cylinder with a drogue rather than at !, —a,/C;. A comparison of these two forms
shows that, as far as deflections of most of the cylinder is concerned, a rope drogue
has the same effect of increasing the cylinder length by an amount I ag/a,, provided
(R2(Xca—1))% <€ 1. The propagation of disturbances along a cylinder of length
ly+1zag/a, are shown in figure 5 for comparison with the cylinder/drogue results.
There is good agreement between the two, confirming the analytical prediction.
Kennedy & Strahan (1981) stated that a drogue may have this effect. The constraint
that (2(X s, —1))%4 be small is met provided QI ag /1, a, is much less than unity. In
dimensional variables this is equivalent to wlgag/Ua, <€ 1

When (2(X ., —1))*+ is not particularly small, the smuatlon is more comphcated
and @ may be appreciable. This occurs at high frequencies if Re (b,) = Cy/Cy is
small. Then the deflection of the cylinder is made up of a superposwlon of the two
linearly independent solutions:

Xoa=1+

Y(X) = PY(X)+ QY (X), (5.20)
' 2 (i, (X s —X))"
with Yl(X)—,EO n!(l;t+bA—1)! ;
and Yy(X) = (Xcp—X)' 0 E (iQb (X 5 — X))

oo Ml{m+1=0by)!
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Ficure 6. Plots of the variation in the magnitude of the transverse displacement with position X
along the cylinder for Q2 =10, C/C=0.25, a,/1,C. =0.033, I;/l, = 0.15, ay/l, = 2.4 x107°,
Cr=25%x102 with f, = fp = 1. ———, |PY(X)|; ----- , |Q@Y,(X)].

An example of this type of behaviour is illustrated in figure 6. A comparison of figures
4 (a) and 6 shows that in this case the addition of a drogue has had an adverse effect.
High-frequency disturbances forced by vibration of the upstream end of the cylinder,
decay more slowly with distance along the cylinder with a drogue. The addition of
a drogue has admitted a dependence on Y,(X), which decreases less rapidly than
Y,(X) as X increases.

6. Conclusions

The propagation of linear transverse displacements along a neutrally buoyant
towed cylinder has been investigated. The form of the deflection is dominated by the
existence of a critical point at which the effect of tension in the cylinder is cancelled
by a fluid-loading term. Matched asymptotic expansions have been used to extend
the solution across the critical point and apply the downstream boundary conditions.
Displacements well upstream of the critical point are found to have a simple form,
while nearer to the critical point the solution depends on whether the normal drag
coefficient C'y is greater or less than half Cy.

A typical acoustic streamer geometry has been found to be stable to transverse
displacements at all towing speeds. The forced response of the streamer has been
investigated so that, in particular, if the time history of the upstream end were
known the transverse displacements of the towed cylinder containing a sonar array
could be predicted. The motion at a general frequency can be found by summing a
series numerically, but for low and high frequencies it has simple analytical forms.
Low-frequency disturbances for which wl,/U €1 propagate down the array
unchanged in amplitude and with a phase speed U. This is the so-called ‘worm-in-a-
hole’ motion. Higher-frequency disturbances are more effectively attenuated.

The effect of a rope drogue has been investigated. Provided wlgag/Ua, is small
in comparison with unity the addition of a drogue has the same effect as increasing
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the length of the towed cylinder by lgag/a,. At higher frequencies and for small
values of the ratio Cy/C attaching a drogue may have an adverse effect, by reducing
the attenuation of high-frequency disturbances as they propagate down the cylinder.

I would like to thank Professor J. E. Ffowes Williams for his illuminating
comments during the course of this work. The work has been carried out with the
support of Topexpress Ltd and the Procurement Executive, Ministry of Defence.

Appendix. Asymptotic forms for the inner solution @ (R)

The leading term in the inner expansion is to satisfy (2.19):

Ao, A0
aw Pt =% (A1)

a third-order differential equation in d®,/dR. This may be solved by investigating
solutions of the form

d¢0 — < sa.
9B JO f(s)e*sBds, (A 2)

where f(s) and a are yet to be determined
Differentiation shows that

d4¢0 * 3.3 R
= s*R ds. A
B L s3adf(s) e**B ds (A 3)

Similarly

do ®
R— 1= J Rsaf(s) e™Rds,
a' ),

which after integration by parts becomes

d@ “d
R = —f - (6f(9) =R ds, (A4
0

provided sf(s)e®*® tends to zero as s tends both to zero and to infinity. The differential
equation (A 1) may therefore be rewritten as

Jm [(s*‘a"—b)f(s) +% (sf(s))] e*fds=0 forall R. (A 5)

0

This is automatically satisfied if the integrand vanishes for all positive s, i.e. when f(s)
and « are related by

A (g0 L=B),_
£+(82a+ : )f_o. (A 6)

This first-order differential equation for f may be readily integrated to show that,
apart from an arbitrary multiplicative constant,

fi8) = g3 o1, (A7)

For 0 < Re(b) the condition sf(s) >0 as s >0 is met. Finally « is to be chosen to
ensure that sf(s) e**f 0 as s >00. An inspection of (A 7) shows that &® = 1 will do, i.e.

a=1,4—1+iy3) ori—1—iy/3). (A 8)
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Substitution for f(s) and a from (A 7) and (A 8) into (A 2) gives three possible
solutions of the inner differential equation (A 1):

Wy _ (k) = J s Vexp[—4s* +sR] ds, (4 9a)

dR 0

%%szz(m = f sV exp[—1s* +4(— 1 +iv/3) sR] ds, (4 99)
0

%%0 =I,(R) = f s Lexp[—3s° +3(—1—iv/3)sR]ds. (49¢)
0

The asymptotic forms of the integrals I,, I, and I, for large |R| will now be evaluated.
These are needed to match @ (R) to the outer solution, but will also show that the
three solutions in (A 9) are linearly independent.

I,(R) is given by

o0
I(R) = J s lexp[—3is*+sR]ds. (A 10)
0
When R is large and negative, the argument of the exponential is negative
throughout the range of integration and the main contribution to the integral comes
from near s = 0. I, may be evaluated by Watson’s lemma to give

L(R)~ (—R)®(b—1)![1+O0(R™?)] asR——o0. (A 11)

For R large and positive it is appropriate to introduce a new integration variable
p =8 R_E

o0

I(R) = R%"f p"lexp [R{(—L®+p)]dp. (A 12)

0
The integral now has the form

f 9(p) exp [REh(p)] dp,
0

with h(p) = p—1p?, and for large R: is suitable for evaluation by Laplace’s method.
It is determined mainly by the region where A(p) is maximum. The maximum of A(p)
is at p =1 and A”(1) = —2. Laplace’s method therefore gives

I,(R) ~ miR¥texp[2R:] as R—+ 0. (A 13)

The integral I, describing the second independent solution can be treated in a
similar way -
I,(R) = f " texp[—3s* +3(—1+iv/3)sR]ds. (A 14)
0
When R tends to minus infinity, we introduce a new variable p = s(—R)™%. In

terms of p -

L(R) = (~R)¥ f PP exp [(— R)} (—3p°+ e p)] dp. (A 15)
0

The integral is again in the form [g(p)exp[(—R)ih(p)]dp, where now h(p)=

—lp*+es"p. h(p) has a stationary point at p = e #%. I, the path of steepest

descents through this point is sketched in figure 7. As R—+— 0

f p*texp[(— R)ik(p)] dp > mH(— R)Fexp[—i¥— R)i-in(3b—D]. (A 16)
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jimp

Ficure 7. The path of steepest descents for the integral in (A 15).

We see from figure 7 that

f " expl(— R) h(p)]dp = f p"expl(~R)ih(p)ldp, (A 17)
0 T+ 1y

where I, is the straight line arg (p) = —2r. A(p) is real on I', and becomes increasingly
negative as p increases in magnitude along it. Therefore, for large negative R, the
integral along I', may be evaluated by Watson’s lemma to give

J pPlexp [(—RyEA(p)]dp > (— Ry ®e ™ (b—1)! asR—>—o0. (A 18)
Ty

It then follows from a combination of equations (A 15)—(A 18) that

I(R) ~ mi(— R)® e @D exp [ —i2(— R)} ]+ (— R) e ™ (b—1)! as R—>— 0.
(A 19)

When R is large and positive the end-point of integration leads to a larger term
than the stationary point. To see this explicitly we make the substitution p = sR?
to obtain

I,(R) = R® f PP lexp[—Ri (4p°+ e p)]dp. (A 20)

The argument of the exponential is stationary at p = e#*, but the integrand is equal
to edi"®=V exp [ —2R?] there, and is exponentially small for large R. The integral along
the real axis can again be expressed as the sum of two integrals, one along the
steepest descents curve and the second along a straight line. An appropriate choice
of straight line is p = tes"", with ¢ real 0 <t < 1. The exponential decreases from zero
at £ = 0 along this line, and so for large R the main contribution to the integral comes
from near the origin where it can be evaluated by Watson’s lemma. This leads to a
larger term than the integral along the steepest descents curve through the
stationary point and shows that

L(R)~ Re™ (b—1)![L+O(R®)] as R—>ox. (A 21)

The asymptotic forms of I,(R) may be evaluated by a similar method or, more
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simply, by noting from (A 9) that the only difference between I,(R) and I,(R) is in
the sign of i. The complex conjugate of 7,(R) shows

IRy = R%¢ ™ (b—1)I[1 +O(R™®)] as R—>c0, (A 22)
and
I,(R) ~ ¥ (— R)"% "G oxp [i2(— R) [+ (— B) P ed™® (h—1)| as R—>— oo,
(A 23)

The general solution for d@,/dR may be cxpressed as a linear combination of the
independent solutions /,(R), I,(R) and I,(R);

da,
AR

— AIL(R)+ BI,(R)+CI,(R), (A 24)

where 4, B and C arc arbitrary constants. Integration of the asymptotic forms for
1,(R), I,(R) and I,(R) given in equations (A 13), (A 21) and (A 22) shows that for
large positive R

Dy(R) ~ Ant R®iexp [2RE]— RYP (b—2) 1 (B 4 Ce3®) 4D, (A 25)

where D is a constant arising from the integration. Similarly for large negative R the
asymptotic forms in equations (A 11), (A 19) and (A 23) give

Dy(R) % A(— RV (b—2)1+ (— R)*™ (b—2)! (B8l 4 () lin2t)
+m (=R {(Be W Ce¥)+D, (A26)
with ¢ = n (3b+1) +2(—R):.
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